The descent of twisted perfect complexes on a space with soft structure
  sheaf by Wei, Zhaoting
ar
X
iv
:1
60
5.
07
11
1v
3 
 [m
ath
.A
G]
  6
 A
pr
 20
18
The descent of twisted perfect complexes on a space with soft
structure sheaf
Zhaoting Wei∗
Kent State University at Geauga
14111 Claridon Troy Road, Burton, OH 44021, USA
April 9, 2018
Abstract
In this paper we study the dg-category of twisted perfect complexes on a ringed space with soft
structure sheaf. We prove that this dg-category is quasi-equivalent to the dg-category of complexes
of vector bundles on that space. This result could be considered as a dg-enhancement of the classic
result on soft sheaves in SGA6.
1 Introduction
The derived categories of perfect complexes on ringed topoi were introduced in SGA 6 [BGI66] in
the 1960’s. They have played an important role in mathematics ever since.
It is well-known that on a projective scheme X, any perfect complex of sheaves has a global resolu-
tion, i.e. it is quasi-isomorphic to a bounded complex of vector bundles. On the other hand, people also
know that such resolutions do not exist on general ringed spaces (X,AX). Nevertheless, if the structure
sheaf AX is soft, global resolution for a perfect complex always exists. More precisely we have the
following theorem.
Theorem 1.1 ([BGI66], Exposé II, Proposition 2.3.2, See also [Blo10] Proposition 4.2). Suppose (X,AX)
is a ringed space, where X is compact and AX is a soft sheaf of rings. Then
1. The global sections functor
Γ : Mod−AX → Mod−AX(X)
is exact and establishes and equivalence of categories between the category of sheaves of right
AX-modules and the category of right modules over the global sections AX(X).
2. If S ∈ Mod − AX locally has finite resolutions by finitely generated free AX-modules, then
Γ(X,S) has a finite resolution by finitely generated projectives.
3. The derived category of perfect complexes of sheavesDperf(Mod−AX) is equivalent to the derived
category of perfect complexes of modules Dperf(Mod−AX(X)).
∗Email: zwei3@kent.edu
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On the other hand, Toledo and Tong [TT78] introduced twisted complexes in the 1970’s as a way to
obtain global resolutions of perfect complexes of sheaves on a complex manifold. In 2015 Wei proved in
[Wei16] that the dg-category of twisted perfect complexes give a dg-enhancement of the derived category
of perfect complexes.
Theorem 1.2 ([Wei16], Theorem 3.32). Let (X,AX) be a ringed space with soft structure ring and {Ui}
be any open cover of X. Let us denote the twisted perfect complex on the ringed space (X,AX) which
subject to the open cover {Ui} by Twperf(X,AX , Ui). Then Twperf(X,AX , Ui) is a dg-enhancement of
Dperf(Mod−AX).
A detailed discussion of twisted complexes will be given in Section 2.
In this paper we study twisted perfect complexes on a ringed space with soft structure sheaf and
we want to achieve a generalization of Theorem 1.1 to the dg-world. Let us denote the dg-category of
bounded complexes of global sections of finitely generated locally free sheaves on X by L(X,A) and it
is easy to show that L(X,A) is an dg-enhancement of Dperf(Mod−AX(X)). In conclusion we have
Twperf(X,AX , Ui) L(X,AX)ydg-enhance ydg-enhance
Dperf(Mod−AX)
∼
−−−−→ Dperf(Mod−AX(X)).
Hence we expect that Twperf(X,AX , Ui) and L(X,A) are quasi-equivalent too. Actually this is the mean
result of this paper.
Theorem 1.3 (See Theorem 3.1 below). Let X is a paracompact space with a soft structure sheaf A.
Moreover if the open cover Ui is finite and good, then the dg-category L(X,A) is quasi-equivalent to
the dg-category of twisted complexes Twperf(X,AX , Ui).
We would like to discuss the significance of Theorem 3.1 in descent theory. For an open cover {Ui}
ofX, we consider the locally free sheaves on the Cˇech nerve and get the following cosimplicial diagram
of dg-categories∏
L(Ui)
∏
L(Ui ∩ Uj)
∏
L(Ui ∩ Uj ∩ Uk) · · · (1)
The descent data of L(Ui) is given by the homotopy limit of Diagram (1). Recently in [BHW17]
it has been proved that Twperf(X,AX , Ui) is quasi-equivalent to the homotopy limit of (1). Hence the
result in Theorem 3.1 can be reinterpreted as
Theorem 1.4 (See Theorem 4.2 below). Let X is a paracompact space with a soft structure sheaf A.
Moreover if the open cover Ui is finite and good, then we have a quasi-equivalence between dg-categories
L(X)
∼
→ holimIL(UI)
This paper is organized as follows. In Section 2 we quickly review the theory of twisted complexes.
In Section 3 we prove that L(X,A) is quasi-equivalent to Twperf(X,AX , Ui). In more details, in Section
3.1 we define the dg-functor T : L(X,A) → Twperf(X,AX , Ui), in Section 3.2 we prove T is quasi-
essentially surjective and in section 3.3 we prove T is quasi-fully faithful. In Section 4 we discuss the
relation between twisted perfect complexes and descent theory.
In Appendix A we collect some general results on soft sheaves which are necessary in this paper.
Remark 1. Part of this paper, in particular Section 3.2, has been integrated in to [Wei18], although the
notations and viewpoint are slightly different.
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2 A quick review of twisted perfect complexes
We give a brief review of twisted perfect complexes in this subsection, for reference see [OTT81]
Section 1 or [Wei16] Section 2.
Let (X,A) be a ringed paracompact topological space and U = {Ui} be an locally finite open cover
of X. Let Ui0...in denote the intersection Ui0
⋂
. . .
⋂
Uin .
For each Uik , let E
•
ik
= {Erik}r∈Z be a two-side bounded graded sheaf of A-modules on Uik . Let
C•(U , E•) =
⊕
p,q
Cp(U , Eq)
be the bigraded complexes of E•. More precisely, an element cp,q of Cp(U , Eq) consists of a section
c
p,q
i0...ip
of E
q
i0
over each non-empty intersection Ui0...in . If Ui0...ip = ∅, simply let the component on it be
zero.
Now if another two-side bounded graded sheaf F •ik of A-modules is given on each Uik , then we can
consider the map
C•(U ,Hom•(E,F )) =
⊕
p,q
Cp(U ,Homq(E,F )). (2)
An element up,q of Cp(U ,Homq(E,F )) gives a section up,qi0...ip of Hom
q
A−Mod(Eip , Fi0) over each non-
empty intersection Ui0...in . Notice that we require u
p,q to be a map from the E on the last subscript of
Ui0...in to the F on the first subscript of Ui0...in .
We need to study the compositions of C•(U ,Hom•(E,F )). Let {G•ik} be a third two-side bounded
graded sheaf of A-modules. There is a composition map
C•(U ,Hom•(F,G)) × C•(U ,Hom•(E,F )) → C•(U ,Hom•(E,G)).
In fact, for up,q ∈ Cp(U ,Homq(F,G)) and vr,s ∈ Cr(U ,Homs(E,F )), their composition (u · v)p+r,q+s
is given by (see [OTT81] Equation (1.1))
(u · v)p+r,q+si0...ip+r = (−1)
qru
p,q
i0...ip
v
r,s
ip...ip+r
(3)
where the right hand side is the composition of sheaf maps.
In particular C•(U ,Hom•(E,E)) becomes an associative algebra under this composition (It is easy
but tedious to check the associativity). We also notice that C•(U , E•) becomes a left module over this
algebra. In fact the action
C•(U ,Hom•(E,E)) × C•(U , E•) → C•(U , E•)
is given by (up,q, cr,s) 7→ (u · c)p+r,q+s where (see [OTT81] Equation (1.2))
(u · c)p+r,q+si0...ip+r = (−1)
qru
p,q
i0...ip
c
r,s
ip...ip+r
(4)
where the right hand side is given by evaluation.
There is also a Cˇech-style differential operator δ on C•(U ,Hom•(E,F )) and C•(U , E•) of bidegree
(1, 0) given by the formula
(δu)p+1,qi0...ip+1 =
p∑
k=1
(−1)kup,q
i0...îk...ip+1
|Ui0...ip+1 for u
p,q ∈ Cp(U ,Homq(E,F )) (5)
and
(δc)p+1,qi0 ...ip+1 =
p+1∑
k=1
(−1)kcp,q
i0...îk...ip+1
|Ui0...ip+1 for c
p,q ∈ Cp(U , E). (6)
It is not difficult to check that the Cˇech differential satisfies the Leibniz rule.
Now we can introduce the definition of twisted perfect complex.
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Definition 2.1. Let (X,A) be a ringed paracompact topological space and U = {Ui} be an locally finite
open cover of X. A twisted perfect complex consists of locally free graded sheaves E•i of A-modules
together with a collection of morphisms
a =
∑
k≥0
ak,1−k
where ak,1−k ∈ Ck(U ,Hom1−k(E,E)) and which satisfies the equation
δa+ a · a = 0. (7)
More explicitly, for k ≥ 0
δak−1,2−k +
k∑
i=0
ai,1−i · ak−i,1−k+i = 0. (8)
The twisted perfect complexes on (X,A, {Ui}) form a dg-category: the objects are the twisted per-
fect complexes (E•i , a) and the morphism from E = (E
•
i , a) to F = (F
•
i , b) are C
•(U ,Hom•(E,F ))
with the total degree. Moreover, the differential on a morphism φ is given by
dφ = δφ + b · φ− (−1)|φ|φ · a. (9)
We denote the dg-category of twisted complexes on (X,A, {Ui}) by Twperf(X,A, Ui). If there is no
danger of confusion we can simply denote it by Twperf(X).
Remark 2. Twisted perfect complex is called twisted cochain in [OTT81]. We use the terminology
"twisted perfect complex" to emphasize that each E•i is a strictly perfect complex.
In [Wei16] Section 2.5 it has been shown that Twperf(X,A, Ui) has a pre-triangulated structure hence
HoTwperf(X,A, Ui) is a triangulated category. In more details we have the following definitions.
Definition 2.2. [Shift] Let E = (E•i , a) be a twisted perfect complex. We define its shift E [1] to be
E [1] = (E[1]•i , a[1]) where
E[1]•i = E
•+1
i and a[1]
k,1−k = (−1)k−1ak,1−k.
Moreover, let φ : E → F be a morphism. We define its shift φ[1] as
φ[1]p,q = (−1)qφp,q.
Definition 2.3. [Mapping cone] Let φ•,−• be a closed degree zero map between twisted perfect com-
plexes E = (E•, a•,1−•) and F = (F •, b•,1−•) , we can define the mapping cone G = (G, c) of φ as
follows (see [OTT85] Section 1.1):
Gni := E
n+1
i ⊕ F
n
i
and
c
k,1−k
i0...ik
=
(
(−1)k−1ak,1−ki0...ik 0
(−1)kφk,−ki0...ik b
k,1−k
i0...ik
)
. (10)
We have some further results on the morphisms between twisted perfect complexes.
Proposition 2.1 ([Wei16] Proposition 2.31). Let the cover {Ui} satisfies H
k(Ui,F) = 0 for any i, any
sheaf F on Ui and any k ≥ 1. If E and F are both in the subcategory Twperf(X), then a closed degree
zero morphism φ between twisted complexes E andF is invertible in the homotopy category HoTwperf(X)
if and only if its (0, 0) component
φ
0,0
i : (E
•
i , a
0,1
i )→ (F
•
i , b
0,1
i )
is a quasi-isomorphism of complexes of A-modules on Ui for each i. In this case we call φ a weak
equivalence between E and F .
4
Proof. See [Wei16] Proposition 2.31.
As we mentioned before, the dg-category of twisted perfect complexes gives a dg-enhancement of
Dperf(A−mod). To state our theorem we first introduce the concept of p-good cover.
Definition 2.4. A locally ringed space (U,OU ) is called p-good if it satisfies the following two conditions
1. For every perfect complex P• on U , there exists a strictly perfect complex E• on U together with
a quasi-isomorphism u : E•
∼
→ P•.
2. The higher cohomologies of any sheaf vanish, i.e. Hk(U,F) = 0 for any sheaf F on U and any
k ≥ 1.
An open cover {Ui} of X is called a p-good cover if (UI ,OX |UI ) is a p-good space for any finite
intersection UI of the open cover.
Theorem 2.2 ([Wei16] Theorem 3.32). For a p-good cover {Ui} of X we have an equivalence of cate-
gories
S : HoTwperf(X)
∼
→ Dperf(A− mod). (11)
In other words, Twperf(X,A, Ui) gives a dg-enhancement of Dperf(A− mod).
Remark 3. Actually if the structure sheaf A is soft, it is easy to show that any open cover {Ui} is p-good
hence Twperf(X,A, Ui) gives a dg-enhancement of Dperf(A−mod).
If A is soft, we can even take {Ui} to be one single open set X and Theorem 2.2 still holds. In this
case Twperf(X,A, Ui) reduces to L(X,A), the dg-category of bounded complexes of global sections of
locally free finitely generated sheaves onX, and we see that L(X,A) is a dg-enhancement ofDperf(A−
mod).
3 The descent of twisted perfect complexes
3.1 The twisting functor T
In this subsection we state the main theorem in this paper, i.e. L(X,A) is quasi-equivalent to
Twperf(X,A, Ui).
First we define a natural dg-functor from L(X,A) to Twperf(X,A, Ui) as follows
Definition 3.1 ([Wei16] Definition 3.11). Let (S•, d) be a complex of A(X)-modules. We define its
associated twisted perfect complex, T (S), by restricting to the Ui’s. In more details let (E
•, a) = T (S)
then
Eni = S
n|Ui
and
a
0,1
i = d|Ui , a
1,0
ij = id and a
k,1−k = 0 for k ≥ 2.
The T of morphisms is defined in a similar way.
We call the dg-functor T : L(X,A) → Twperf(X,A, Ui) the twisting functor.
We want to prove that the T is actually a quasi-equivalence between dg-categories. First we need
some condition on the open cover {Ui}.
Definition 3.2. A open cover Ui of X is good if any finite intersection Ui0...ik is contractible.
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It is well-known that good open cover exists for a wide ranged of spaces X. With Definition 3.2 we
could state the main theorem of this paper.
Theorem 3.1. Let X is a paracompact space with a soft structure sheaf A. Moreover if the open cover
Ui is finite and good, then the dg-functor T : L(X,A) → Twperf(X,A, Ui) is a quasi-equivalence.
From now on we always assume that the structure sheaf A is soft. We leave the discussion of the
properties of soft sheaves in Appendix A.
3.2 The quasi-essential surjectivity of T
First we prove that T is quasi-essentially surjective.
Proposition 3.2 (Quasi-essential surjectivity). LetX is a paracompact space with a soft structure sheaf
A. If the open cover {Ui} is finite and good, then for every twisted perfect complex F = (Fi, b), there is
a bounded complex of finitely generated locally free A-modules E = (E•, d) such that F is isomorphic
to T (E) in the homotopy category HoTw(X).
In more details, there exists a twisted complex E = (E•, a) such that a0,1 = d, a1,0 = id and
ak,1−k = 0 for all k ≥ 2 together with a degree zero morphism φ : E → F such that for all k ≥ 0 and
all Ui0...ik we have a A-module map
φ
k,−k
i0...ik
: E•|Ui0...ik → F
•−k
i0
|Ui0...ik
which satisfies the following two conditions
1. The φk,−k’s intertwine a and b:
(δφk−1,1−k)i0...ik +
k∑
p=0
b
p,1−p
i0...ip
φ
k−p,p−k
ip...ik
− φk,−ki0...ika
0,1
ik
− φk−1,1−ki0...ik−1 |Ui0...ik = 0. (12)
2. φ is invertible in the homotopy category HoTw(X). According to Proposition 2.1, this is the same
to say that for each i, the map φ
0,0
i induces a quasi-isomorphism from (E
•|Ui , a
0,1
i ) to (F
•
i , b
0,1
i ).
The rest of this subsection devotes to the proof of Proposition 3.2. First we introduce the following
definitions.
Definition 3.3. Let Pi, Qi be sheaves of A-modules on Ui. A descent data of Pi modulo Qi consists of
the following data
• a collection of A-module maps
τi : Qi → Pi;
• a collection of A-module maps
θji : Pi|Uji → Pj |Uji ;
• a collection of A-module maps
ϑkji : Pi|Ukji → Qk|Ukji ;
which satisfy the following conditions
1. θji is a cocycle module Qi, more precisely
θki − θkjθji = τkϑkji; (13)
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2. θii = idPi .
Definition 3.4. Let Pi, Qi be sheaves of A-modules on Ui. A descent of Pi toX modulo Qi consists of
a sheaf of A-modules R onX together with the following data
• a collection of A-module maps
τi : Qi → Pi;
• a collection of A-module maps
ψi : R|Ui → Pi
• a collection of A-module maps
ξji : R|Uji → Qj|Uji ;
which satisfy the following conditions
1. On Uji the maps ψi and ψj are compatible with the transition function θji modulo Qi, i.e.
ψj − θjiψi = τjξji
2. Each of the ψi is surjective modulo Qi in the following sense: For any point x ∈ Ui and ui in the
fiber Pi|x, there exist an v ∈ R|x and a wi ∈ Qi|x, such that
ui = ψi(v)− τi(wi).
We have the following lemma on the existence of descent modulo Qi.
Lemma 3.3. Let Pi, Qi be locally free finitely generated sheaves of A-modules on Ui with a descent
data of Pi modulo Qi. Then there exists a locally free finitely generated sheaf of A-modules R on X
which is a descent of Pi toX modulo Qi.
Proof. First we construct the sheaf R. By Lemma A.3 we can extend each Pi from Ui to a locally free
finitely generated sheaf ofA-modules onX. Let’s denote the extension by P˜i. By Proposition A.1, P˜i is
still fine. Then we define
R =
⊕
i
P˜i
as a sheaf of A-module on X. Since the cover Ui is finite, R is still finitely generated.
Next we construct the maps ψi : R|Ui → Pi. By the definition of R, a section r of R is of the form
r = (p˜1, . . . , p˜n)
where the p˜j’s are sections of P˜j . Then p˜j |Uj is a section of Pj . The naive way to define ψi is to apply
the transition functions θij directly on p˜j and sum them up. The problem is that θij p˜j is defined only on
Uij instead of Ui hence we cannot get a well-defined map
To solve this problem we use Lemma A.2 to obtain a partition of unity {ρj} and we notice that
θij(ρj p˜j) = ρjθij(p˜j) can be extended by 0 from Uij to Ui. Then we define ψi by
ψi : R|Ui → Pi
(p˜1, . . . , p˜n) 7→
∑
j
θij(ρj p˜j).
(14)
It is obvious that ψi is a smooth bundle map. Now we need to prove that ψi has the required proper-
ties.
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First we prove that ψi is surjective modulo Qi. For any point x ∈ Ui and ui in the fiber Pi|x we just
define the vectors vj ∈ Pj |x as
vj =
{
θji(ui) if x ∈ Uj
0 if x 6∈ Uj
and v ∈ R|x as v = (v1, . . . vn). Then
ψi(v) =
∑
j
ρjθij(vj) =
∑
j
ρjθijθji(ui).
Now we use the "cocycle modulo Qi" condition on θij’s. By Equation (13) we know that
θijθji = θii − τiϑiji = id− τiϑiji,
hence
ψi(v) =
∑
j
ρjui −
∑
j
ρjτiϑiji(ui)
=ui − τi(
∑
j
ρjϑiji(ui)).
Take wi =
∑
j ρjϑiji(ui) ∈ Qi|x we have proved the surjectivity of ψi.
The proof of the compatibility of ψi and ψj is similar. We define the map ξji : R|Uji → Qj|Uji as
follows: for any r = (p˜1, . . . , p˜n) a section of R|Uji define
ξji(p˜1, . . . , p˜n) :=
∑
k
ϑjik(ρkp˜k) =
∑
k
ρkϑjik(p˜k).
Then
θjiψi(p˜1, . . . , p˜n) = θji
∑
k
ρkθikp˜k =
∑
k
ρkθjiθikp˜k.
Again by Equation (13) we have
θjiθik = θjk − τjϑjik
hence
θjiψi(p˜1, . . . , p˜n) =
∑
k
ρk(θjkp˜k − τjϑjikp˜k)
=
∑
k
ρkθjkp˜k −
∑
k
ρkτjϑjikp˜k
=
∑
k
ρkθjkp˜k − τj(
∑
k
ρkϑjikp˜k)
=ψj(p˜1, . . . , p˜n)− τjξji(p˜1, . . . , p˜n).
hence we get the compatibility of ψi and ψj .
Remark 4. Lemma 3.3 requires X to be compact. More precisely it requires the cover Ui to be finite.
The sheaf R constructed in the proof has a very large rank over A but it is still locally free and finitely
generated.
To prove Proposition 3.2, we need the following lemma, which is a variation of Lemma 3.3.
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Lemma 3.4. Let (F •i , b) be a twisted perfect complex for Ui. If the number l has the property that for any
n > l and any i, the cohomologyHn(F •i , b
0,1
i ) vanishes, then there exists a locally free finitely generated
sheaf of A-modules El on X together with A-module maps
ψk,−k : El|Ui0...ik → F
l−k
i0
|Ui0...ik
which satisfy the following two conditions:
1. For each i, the map ψ0,0 : El|Ui → F
l
i has its image in ker b
0,1
i ⊂ F
l
i and is surjective modulo
F l−1i in the same sense as Condition 1 in Lemma 3.3.
2. On each Ui0...ik the ψ’s satisfy the equation
δψk−1,1−k + (−1)kψk−1,1−ki0...ik−1 |Ui0...ik +
k∑
p=0
bp,1−p ψk−p,p−k = 0 (15)
Proof. First by Corollary A.5 we know that ker b0,1i is a locally free finitely generated sub-sheaf of F
l
i .
Then similar to the proof of Lemma 3.3, let’s first extend ker b0,1i on Ui to
˜ker b0,1i on X and define
El =
⊕
i
˜ker b0,1i . (16)
The construction of the map ψk,−k is also similar to the construction of ψi in Lemma 3.3. Let
(f˜1, . . . , f˜n) be a section of E
l, we define (see Equation (14)) ψk,−k as
ψk,−k : El|Ui0...ik → F
l−k
i0
|Ui0...ik
(f˜1, . . . , f˜n) 7→
∑
j
b
k+1,−k
i0...ikj
(ρj f˜j).
(17)
In particular
ψ0,0(f˜1, . . . , f˜n) =
∑
j
b
1,0
ij (ρj f˜j). (18)
We know that b0,1b1,0 + b1,0b0,1 = 0 hence
b
0,1
i ψ
0,0(f˜1, . . . , f˜n) =
∑
j
b
0,1
i b
1,0
ij (ρj f˜j)
=−
∑
j
b
1,0
ij b
0,1
j (ρj f˜j).
We know each of the ρj f˜j belongs to ker b
0,1
j so the right hand side is zero, hence ψ
0,0(f˜1, . . . , f˜n) ∈
ker b0,1i .
Moreover, ψ0,0 is surjective modulo F l−1i by exactly the same argument as in Lemma 3.3.
Then we need to prove that ψk,−k satisfies Condition 2. First we notice that on Ui0...ik
(δψk−1,1−k)i0...ik(f˜1, . . . , f˜n) =
k−1∑
s=1
(−1)sψk−1,1−k
i0...îs...ik
(f˜1, . . . , f˜n)
=
∑
j
k−1∑
s=1
(−1)sbk,1−k
i0...îs...ikj
(ρj f˜j)
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and
(bp,1−p ψk−p,p−k)i0...ik(f˜1, . . . , f˜n) =b
p,1−p
i0...ip
ψ
k−p,p−k
ip...ik
(f˜1, . . . , f˜n)
=
∑
j
b
p,1−p
i0...ip
b
k−p+1,p−k
ip...ikj
(ρj f˜j).
Moreover we have
ψ
k−1,1−k
i0...ik−1
|Ui0...ik (f˜1, . . . , f˜n) =
∑
j
b
k,1−k
i0...ik−1j
(ρj f˜j).
Sum them up we get
(δψk−1,1−k + (−1)kψk−1,1−ki0...ik−1 |Ui0...ik +
k∑
p=0
bp,1−p ψk−p,p−k)(f˜1, . . . , f˜n)
=
∑
j
( k∑
s=1
(−1)sbk,1−k
i0...îs...ikj
(ρj f˜j) +
k∑
p=0
b
p,1−p
i0...ip
b
k−p+1,p−k
ip...ikj
(ρj f˜j)
)
=
∑
j
(
(δbk,1−k)i0...ikj(ρj f˜j) +
k∑
p=0
b
p,1−p
i0...ip
b
k−p+1,p−k
ip...ikj
(ρj f˜j)
)
(19)
Since (Fi, b
•,1−•) is a twisted complex, we know that on Ui0...ikj we have
(δbk,1−k)i0...ikj +
k∑
p=0
b
p,1−p
i0...ip
b
k−p+1,p−k
ip...ikj
+ bk+1,−ki0...ikj b
0,1
j = 0
hence the right hand side of Equation (19) equals to
−
∑
j
b
k+1,−k
i0...ikj
b
0,1
j (ρj f˜j).
We remember that by the definition ρj f˜j is in ker b
0,1
j hence the above expression vanishes and the maps
ψk,−k’s satisfy Condition 2 .
The proof of Proposition 3.2: We know that each F •i is bounded on both directions and we have
finitely many F •i ’s. Let n be the largest integer such that there exists a Ui such that F
n
i 6= 0.
Now we apply Lemma 3.4 to Fni . We notices that it automatically satisfies the condition in Lemma
3.4, as a result we can find a locally free finitely generated sheaf of A-modules En on X together with
A-module maps
φk,−k : En|Ui0...ik → F
n−k
i0
|Ui0...ik
such that φ0i is surjective to F
n
i modulo F
n−1
i (here b
0,1 = 0 on Fni so ker b
0,1
i = F
n
i ) and the φ
k,−k’s
satisfies Equation (3.4). We put Ek = 0 for k > n.
Then we use downwards induction on the lower bound of E•: Assume we have
1. A cochain complex of locally free finitely generated sheaves of A-modules E• with lower bound
≥ m+ 1 and upper bound n. Let a0,1 denote the differentials on the E•’s.
2. For each m+ 1 ≤ l ≤ n and any k ≥ 0 we have A-module maps
φk,−k : El|Ui0...ik → F
l−k
i0
|Ui0...ik
which are compatible with b•,1−• and a0,1 in the sense of Equation (12).
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3. The map induced by φ0,0 between cohomologies
φ
0,0
i : H
l(E•|Ui , a
0,1|Ui)→ H
l(F •, b0,1i )
is an isomorphism for all l > m+ 1 and is surjective for l = m+ 1.
We want to proceed from m + 1 to m. First we construct the sheaf Em. For this purpose we
temporarily let Ek = 0 for all k ≤ m and we consider mapping cone (G•, c•,1−•) of the φ : T (E) → F .
According to Definition 2.3 we have
Gli =E
l+1|Ui ⊕ F
l
i for l ≥ m
Gli =F
l
i for l < m
(20)
and
c
0,1
i =
(
a
0,1
i 0
φ
0,0
i b
0,1
i
)
c
1,0
ij =
(
−idUij 0
φ
1,−1
ij b
1,0
ij
)
c
k,1−k
i0...ik
=
(
0 0
φ
k,−k
i0...ik
b
k,1−k
i0...ik
)
for k > 1.
(21)
The complex (G•i , c
0,1
i ) is the ordinary mapping cone of the cochain map φ
0,0
i : E
•|Ui → F
•
i . By
Assumption 3 above, the map φ
0,0
i induces an isomorphism on cohomology for degree > m + 1 and is
surjective on degree = m+ 1. Hence the cohomology
Hp(G•i , c
0,1
i ) = 0 for p ≥ m+ 1.
Again by Lemma 3.4 there exists a locally free finitely generated sheaf of A-modules Em together with
A-module maps
ψk,−k : Em|Ui0...ik → G
m−k
i0
|Ui0...ik
such that
1. For each i, the image of the map ψ
0,0
i : E
m|Ui → G
m
i is contained in ker c
0,1
i ⊂ G
m
i = E
m+1|Ui⊕
Fmi and ψ
0,0
i is onto ker c
0,1
i modulo G
m−1
i = F
m−1
i .
2. On each Ui0...ik the ψ’s satisfy the identity
(δψk−1,1−k)i0...ik + (−1)
kψ
k−1,1−k
i0...ik−1
|Ui0...ik +
k∑
p=0
c
p,1−p
i0...ip
ψ
k−p,p−k
ip...ik
= 0 (22)
as maps from Em|Ui0...ik to G
m+1−k
i0
|Ui0...ik .
Since Gki = F
k
i for k < m, we can write the ψ’s more precisely as
ψ
0,0
i :E
m|Ui → E
m+1|Ui ⊕ F
m
i
ψ
k,−k
i0...ik
:Em|Ui0...ik → F
m−k
i0
|Ui0...ik for k ≥ 1.
(23)
Now let pE and pF denote the projection from E
m+1|Ui ⊕ F
m
i to E
m+1|Ui and F
m
i respectively,
then we define a0,1 : Em → Em+1 as
a0,1|Ui = pE ◦ ψ
0,0
i . (24)
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We need to prove that the pE ◦ ψ
0,0
i ’s on different Ui’s actually glue together to get the map a
0,1. In fact
in the proof of Lemma 3.4, Equation (16) tells us
Em =
⊕
i
˜ker c0,1i (25)
According to Equation (21), the map c
0,1
i : E
m+1|Ui ⊕ F
m
i → E
m+2|Ui ⊕ F
m+1
i is given by
c
0,1
i =
(
a
0,1
i 0
φ
0,0
i b
0,1
i
)
hence an element gi = (ei, fi) ∈ E
m+1|Ui ⊕ F
m
i is contained in ker c
0,1
i if and only if
a
0,1
i (ei) = 0 and φ
0,0
i (ei) = b
0,1
i (fi)
Equation (18) tells us for (g˜1, . . . , g˜n) = ((e˜1, f˜1) . . . (e˜n, f˜n)) ∈ E
m we have
ψ
0,0
i (g˜1, . . . , g˜n) =
∑
j
c
1,0
ij (ρj g˜j) =
∑
j
c
1,0
ij (ρj e˜j, ρj f˜j)).
Again Equation (21) tell us
c
1,0
ij =
(
−idUij 0
φ
1,−1
ij b
1,0
ij
)
therefore
c
1,0
ij
(
ρj e˜j
ρj f˜j
)
=
(
−ρj e˜j |Uij
φ
1,−1
ij (ρj e˜j |Uij) + b
1,0
ij (ρj f˜j)
)
hence
ψ
0,0
i (g˜1, . . . , g˜n) =
( ∑
j −ρj e˜j|Uij∑
j φ
1,−1
ij (ρj e˜j |Uij ) + b
1,0
ij (ρj f˜j)
)
. (26)
As a result
(a0,1|Ui)(g˜1, . . . , g˜n) = pE(ψ
0,0
i (g˜1, . . . , g˜n)) = −
∑
j
ρj e˜j |Uij (27)
therefore the a0,1 on different Ui’s can glue together to anA-module map a
0,1 : Em → Em+1. Moreover,
its image −
∑
ρj e˜j is in the kernel of a
0,1 : Em+1 → Em+2 hence we have extended the complex
(E•, a0,1) to degree = m.
Next we define φ
k,−k
i0...ik
: Em|Ui0...ik → F
m−k
i0
|Ui0...ik as
φ
0,0
i = pF ◦ ψ
0,0
i :E
m|Ui → F
m
i
φ
k,−k
i0...ik
= ψk,−ki0...ik :E
m|Ui0...ik → F
m−k
i0
|Ui0...ik for k ≥ 1.
(28)
Recall that Equation (22) tells us
(δψk−1,1−k)i0...ik + (−1)
kψ
k−1,1−k
i0...ik−1
|Ui0...ik +
k∑
p=0
c
p,1−p
i0...ip
ψ
k−p,p−k
ip...ik
= 0
as maps from Em|Ui0...ik to G
m+1−k
i0
|Ui0...ik and we need to show that the above identity implies
(δφk−1,1−k)i0...ik +
k∑
p=0
b
p,1−p
i0...ip
φ
k−p,p−k
ip...ik
− φk,−ki0...ika
0,1
ik
− φk−1,1−ki0...ik−1 |Ui0...ik = 0. (29)
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Let us check it for k = 1. From the definition of the ck,1−k’s as in Equation (21) we can easily deduce
that
ck,1−kψ0,0 =

φk,−ka0,1 + bk,1−kφ0,0 if k ≥ 2
(−a0,1, φ1,−1a0,1 + b1,0φ0,0) if k = 1
φ0,0a0,1 + b0,1φ0,0 if k = 0
In the k = 1 case we know that δψ0,0 and δφ0,0 are automatically zero hence Equation (22) becomes
c
0,1
i0
ψ
1,−1
i0i1
+ c1,0i0 ψ
0,0
i0i1
− ψ0,0i0 |Ui0i1
=(0, b0,1i0 φ
1,−1
i0i1
) + (−a0,1, b1,0i0i1φ
0,0
i1
+ φ1,−1i0i1 a
0,1)− (−a0,1, φ0,0i0 |Ui0i1 )
=(0, b0,1i0 φ
1,−1
i0i1
+ b1,0i0i1φ
0,0
i1
+ φ1,−1i0i1 a
0,1 − φ0,0i0 |Ui0i1 ) = 0.
Therefore
b
0,1
i0
φ
1,−1
i0i1
+ b1,0i0i1φ
0,0
i1
+ φ1,−1i0i1 a
0,1 − φ0,0i0 |Ui0i1 = 0
which is exactly Equation (29) in the case k = 1. The k = 0 and k ≥ 2 cases are similar.
We also need to show that after we introduce Em, the map
φ
0,0
i : H
m+1(E•|Ui , a
0,1|Ui) → H
m+1(F •, b0,1i )
becomes an isomorphism and
φ
0,0
i : H
m(E•|Ui , a
0,1|Ui) → H
m(F •, b0,1i )
is surjective.
We already know that in degree m + 1 the induced map is surjective. Moreover by Lemma 3.4
we know that ψ
0,0
i : E
m → ker c0,1i ⊂ E
m+1 ⊕ Fmi is surjective. In more details if (e
m+1, fm) ∈
Em+1 ⊕ Fmi such that
a
0,1
i (e
m+1) = 0 and φ0,0i (e
m+1) = b0,1i (f
m)
then there exists an em and an fm−1 such that ψ
0,0
i (e
m) = (em+1, fm)+(0, b0,1i (f
m−1)). We remember
that by definition a0,1 = pEψ
0,0
i and φ
0,0
i = pFψ
0,0
i hence we get
a0,1em = em+1φ0,0i (e
m) = fm + b0,1i (f
m−1). (30)
and
a0,1em = em+1φ0,0i (e
m) = fm + b0,1i (f
m−1). (31)
Equation (30) implies
φ
0,0
i : H
m+1(E•|Ui , a
0,1|Ui) → H
m+1(F •, b0,1i )
is also injective and hence an isomorphism. To prove φ
0,0
i : H
m(E•|Ui , a
0,1|Ui) → H
m(F •, b0,1i ) is
surjective, we consider the special case that em+1 = 0 and b0,1i (f
m) = φ0,0i (e
m+1) = 0. In this case
Equation (31) tells us the map
φ
0,0
i : H
m(E•|Ui , a
0,1|Ui) → H
m(F •, b0,1i )
is surjective. Now we have proved that (E•, a0,1) satisfies the induction assumption 1, 2 and 3 at degree
m.
Lastly we need to show that the induction steps eventually stops at some degree. Letm0 be the small-
est integer such that Fm0i 6= 0 for some i. By downward induction we get a complex (E
l, a0,1), m0+1 ≤
l ≤ n and maps φk,−k : E → F which is compatible with the a’s and b’s and
φ
0,0
i : H
l(E•|Ui , a
0,1|Ui) → H
l(F •, b0,1i )
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is an isomorphism for l > m0 + 1 and is surjective for l = m0 + 1.
Now we need to construct Em0 and ψ
0,0
i : E
m0 |Ui → E
m0+1|Ui ⊕ F
m0
i in a slightly different way.
For this we use the map
c
0,1
i : E
m0+1|Ui ⊕ F
m0
i → E
m0+2|Ui ⊕ F
m0+1
i
and we get ker c0,1i which is a locally free finitely generated sheaf ofA-modules on Ui by Corollary A.5.
Now we want to show that ker c0,1i can glue together to get a locally free finitely generated sheaf of
A-modules on X. In fact the map c1,0ij ’s satisfy c
1,0
ik − c
1,0
ij c
1,0
jk + c
2,−1
ijk c
0,1
k − c
0,1
i c
2,−1
ijk = 0. Now we are
considering ker c0,1j and F
m0−1
i = 0 hence the last two term vanish and we have
c
1,0
ik
− c1,0ij c
1,0
jk
= 0 on ker c0,1
k
.
In other words the maps c
1,0
ij ’s give us transition function from ker c
0,1
j to ker c
0,1
i and they satisfy the
cocycle condition.
Therefore we can define the resulting locally free finitely generated sheaf of A-modules by Em0 . In
particular we have
Em0 |Ui = ker c
0,1
i ⊂ E
m0+1|Ui ⊕ F
m0
i .
Moreover we define a0,1 : Em0 → Em0+1 and φ0,0i : E
m0 |Ui → F
m0
i be the projection map onto the
first and second component respectively, and the φk,−k’s are all zero for k ≥ 1. It is easy to see that φ0,0i
induces an isomorphism from Hm0(E•|Ui , a
0,1) to Hm0(F •i , b
0,1) and we finished the proof.

Remark 5. The proof of Proposition 3.2 is inspired by the proof of Lemma 1.9.5 in [TT90].
3.3 The quasi-fully faithfulness of T
In this subsection we prove that T is quasi-fully faithful. The dg-functor
T : L(X,A) → Twperf(X)
gives a map between complexes of morphisms
T : L(X,A)(E•, F •) → Twperf(X)(T (E
•),T (F •)) (32)
where for a morphism ϕ : E• → F • of degree n, its image T (ϕ) is an element of total degree n in
C•(U ,Hom•(T (E•),T (F •))) given by
T (ϕ)0,ni = ϕ|Ui
and
T (ϕ)k,n−k = 0, ∀ k ≥ 1.
Proposition 3.5 (Quasi-fully faithfulness). As in Proposition 3.2, let X is a paracompact space with a
soft structure sheafA. Moreover if the open cover Ui is finite and good, then the morphism T in Equation
(32) is a quasi-isomorphism of complexes.
The proof of Proposition 3.5
First we need to get a more explicit description of the differentials in the complex Tw(X)(T (E•),T (F •)).
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Lemma 3.6. Let φp,q be an element in Twp,q(X)(T (E•),T (F •)). We can write dφp,q as
dφp,q = δˆφp,q + (−1)pdˆφp,q (33)
where δˆφp,q is of degree (p+ 1, q) and is given by
(δˆφp,q)i0i1...ip+1 =
p+1∑
k=0
(−1)kφp,q
i0...îk...ip+1
|Ui0i1...ip+1
and dˆφp,q is of degree (p, q + 1) and is given by
dˆφp,q = dF ◦ φ
p,q − (−1)qφp,q ◦ dE .
Proof. We know that in general the differential is given in Equation (9) by
dφ = δφ + b · φ− (−1)|φ|φ · a.
Now by the very definition of T (E•) and T (F •) we know that
a
0,1
i = dE |Ui , a
1,0
ij = idE |Uij , a
k,1−k = 0, ∀k ≥ 2
and
b
0,1
i = dF |Ui , b
1,0
ij = idF |Uij , b
k,1−k = 0, ∀k ≥ 2
therefore
dφp,q = δφp,q + b0,1 · φp,q + b1,0 · φp,q − (−1)p+qφp,q · a0,1 − (−1)p+qφp,q · a1,0
and we get the result we want.
Then we can proceed to the proof. First we have the following proposition
Proposition 3.7. The map T : L(X,A)(E•, F •) → Twperf(X)(T (E
•),T (F •)) is surjective on the
level of cohomology. In other words, for any closed element φ in Tw(X)(T (E•),T (F •)), there exists a
closed element φ˜ in L(X,A)(E•, F •) and an element ϕ in Tw(X)(T (E•),T (F •)) such that
φ− T (φ˜) = dϕ.
Proof. Let n be the total degree of φ. By Equation (33) we have
dφk,n−k = δˆφk,n−k + (−1)kdˆφk,n−k, ∀ k ≥ 0.
φ is closed implies that
δˆφk,n−k + (−1)k+1dˆφk+1,n−k−1 =0, ∀ k ≥ 0
dˆφ0,n =0.
(34)
We know that φ0,n consists of pieces φ
0,n
i on Ui. Using the partition of unity ρi we define φ˜ as
φ˜ :=
∑
i
ρiφ
0,n
i . (35)
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It is obvious that φ˜ is a globally defined degree n map from E• to F •. Moreover φ˜ is closed since we
have dˆφ0,n = 0 hence
dF ◦ φ˜− (−1)
nφ˜ ◦ dE =
∑
i
ρidˆφ
0,n
i = 0.
.
We still need to show that T (φ˜) and φ are cohomologous. For this we define ϕ with total degree
n− 1 by
ϕ
k,n−1−k
i0...ik
:=
∑
j
ρjφ
k+1,n−1−k
ji0...ik
. (36)
Let us check that φ− T (φ˜) = dϕ in each degree. First in degree (0, n)
[φ− T (φ˜)]0,ni =φ
0,n
i −
∑
j
ρjφ
0,n
j |Ui
=
∑
j
ρjφ
0,n
i −
∑
j
ρjφ
0,n
j |Ui
=
∑
j
ρj(δˆφ
0,n)ji.
Equation (34) tells us that (δˆφ0,n)ji = dˆφ
1,n−1
ji therefore
[φ− T (φ˜)]0,ni =
∑
j
ρj dˆφ
1,n−1
ji
=dˆ
∑
j
ρjφ
1,n−1
ji
=dˆϕ0,n−1i .
For degree (k, n − k), k ≥ 1, since T (φ˜)k,n−k = 0 it is clear that
[φ− T (φ˜)]k,n−ki0...ik = φ
k,n−k
i0...ik
.
On the other hand Equation (33) tells us
(dϕ)k,n−ki0...ik = (δˆϕ
k−1,n−k)i0...ik + (−1)
k(dˆϕk,n−k−1)i0...ik
where
(δˆϕk−1,n−k)i0...ik =
k∑
s=0
(−1)sϕk−1,n−k
i0...îs...ik
=
k∑
s=0
(−1)s
∑
j
ρjφ
k,n−k
ji0...îs...ik
=
∑
j
ρj
k∑
s=0
(−1)sφk,n−k
ji0...îs...ik
=
∑
j
ρj [−(δˆφ
k,n−k)ji0...ik + φ
k,n−k
i0...ik
]
=−
∑
j
ρj(δˆφ
k,n−k)ji0...ik +
∑
j
ρjφ
k,n−k
i0...ik
=−
∑
j
ρj(δˆφ
k,n−k)ji0...ik + φ
k,n−k
i0...ik
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and
dˆϕ
k,n−k−1
i0...ik
=
∑
j
ρj dˆφ
k+1,n−k−1
ji0...ik
.
Recall that φ is closed hence δˆφk,n−k + (−1)k dˆφk+1,n−k−1 = 0, therefore we get cancellations and
(dϕ)k,n−ki0 ...ik = φ
k,n−k
i0...ik
hence we get
[φ− T (φ˜)]k,n−ki0...ik = (dϕ)
k,n−k
i0...ik
.
Next we have the following proposition, which gives the injectivity of T .
Proposition 3.8. If T (φ) is a coboundary in Tw(X)(T (E•),T (F •)), then φ is a coboundary inL(X,A)(E•, F •).
Proof. Let the total degree of φ be n. Letϕ be an element with total degree n−1 in Tw(X)(T (E•),T (F •))
such that
T (φ) = dϕ.
Define ϕ˜ in L(X,A)(E•, F •) as
ϕ˜ =
∑
j
ρjϕ
0,n−1
j
Similar to the proof of Proposition 3.5, we could check that
φ = dϕ˜.
Proposition 3.7 and Proposition 3.8 together give Proposition 3.5.
4 Twisted perfect complex and homotopy limit
In this section we consider L as a presheaf of dg-categories: for any open subset U ⊂ X, L(U) is
the dg-category of bounded complexes of locally free sheaves on U . For an open cover U = {Ui} of X,
its Cˇech nerve is a simplicial space
· · ·
∐
Ui ∩ Uj ∩ Uk
∐
Ui ∩ Uj
∐
Ui.
We consider the locally free sheaves on the spaces and get the following cosimplicial diagram of dg-
categories ∏
L(Ui)
∏
L(Ui ∩ Uj)
∏
L(Ui ∩ Uj ∩ Uk) · · · (37)
In general descent theory, the descent data of L(Ui) is given by the homotopy limit of the cosimplicial
diagram (37).
In our case we have an explicit construction of the homotopy limit.
Theorem 4.1. If the open cover {Ui} of X is good, then the dg-category of twisted complexes on X,
Twperf(X) is quasi-equivalent to the homotopy limit of L(UI).
Proof. See [BHW17].
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With Theorem 4.1, we can interpret the result of Theorem 3.1 as follows
Theorem 4.2. Let X is a paracompact space with a soft structure sheaf A. Moreover if the open cover
Ui is finite and good, then we have a quasi-equivalence between dg-categories
L(X)
∼
→ holimIL(UI)
At the end of this paper we should point out that it is important to generalize the result in Theorem
3.1 from covers to hypercovers.
Conjecture 4.3. Let (X,A) be a compact ringed space with soft structure sheaf A. Then for any hyper-
cover U• of X, the natural functor
L(X) → ho lim
U•
L(U•)
is a quasi-equivalence.
Let us briefly talk about the significance of Conjecture 4.3. We consider dgCat-Pr(X), the cate-
gory of presheaves valued in dg-categories and we have the local model structure on dgCat-Pr(X), see
[Hol14]. In this case we have the following result.
Proposition 4.4 (Lemma 2.9 in [Hol14]). If F ∈ dgCat-Pr(X) is both objectwise fibrant and satisfies
descent for any hypercover, then F is an fibrant object for the local model structure on dgCat-Pr(X).
Remark 6. According to Remark 2.13 in [Hol14], we do not have the "if and only if" result in Proposition
4.4 mainly because the category dgCat does not have a symmetric monoidal model structure.
With Proposition 4.4 in hand, if Conjecture 4.3 is true, then the presheaf L is a fibrant object in the
category of presheaves of dg-categories.
A Some generalities of soft sheaves
We collect here some results in sheaf theory which is necessary for our use, for reference see [Bre97]
Chapter I and II.
Definition A.1. A sheaf F on a topological space X is called soft if any section over any closed subset
of X can be extended to a global section. In other words, for any closed subset K ⊂ X, the restriction
map F(X) → F(K) is surjective.
We also have the concept of fine sheaf, which is related to soft sheaf.
Definition A.2. Let X be a paracompact space. A sheaf F of groups over X is fine if for every two
disjoint closed subsets A,B ⊂ X,A ∩B = ∅, there is an endomorphism of the sheaf of groups F → F
which restricts to the identity in a neighborhood of A and to the 0 endomorphism in a neighborhood of
B.
Every fine sheaf is soft but in general not every soft sheaf is fine. However we have the following
proposition:
Proposition A.1. Let X be a paracompact space and A a soft sheaf of rings with unit on X. Then any
sheaf of A-modules is fine. In particular A-itself is fine.
Proof. See [Bre97] Theorem 9.16.
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Example 1. LetX be a paracompact Hausdorff topological space, then the sheaf of continuous functions
onX is soft and hence fine.
Moreover, let X be a Hausdorff smooth manifold, then the sheaf of C∞-functions on X is soft and
hence fine.
We have the following properties for soft sheaf of rings:
Lemma A.2. Let (X,A) be a paracompact space such that the structure sheaf A is soft, then for any
locally finite open cover U = {Ui} of X, there exists a partition of unity subordinate to the open cover
Ui, i.e. there exists sections ρi of A such that suppρi ⊂ Ui and
∑
i ρi = 1.
Proof. We know that A is soft hence fine. Therefore it is obvious.
Lemma A.3. Let (X,A) be a paracompact space such that the structure sheaf A is soft. Let U be a
contractible open subset of X, then any finite rank locally free sheaf on U could be extended to a finite
rank locally free sheaf on X.
Proof. Since U is contractible, we know that any finite rank locally free sheaf on U is trivializable and
can be extended toX.
We also have the following useful lemma which is not limited to modules of soft sheaves:
Lemma A.4. Let (X,A) be a paracompact space such that the structure sheaf A is soft, E and F are
two locally free finite generated sheaves of A-modules and pi is an A-module map between them. If pi is
surjective, then kerpi is a locally free finite generated sub-sheaf of E .
Proof. It is a standard result in sheaf theory.
Corollary A.5. Let (X,A) be a paracompact space such that the structure sheaf A is soft. Let (F•, d•)
be a bounded above cochain complex of locally free finite generated sheaves of A-modules on X. If l
is an integer such that the cohomology Hn(F•, d•) = 0 for all n > l, then for any n ≥ l, ker dn is a
locally free finitely generated sub-sheaf of Fn.
Proof. Since F• is bounded above, it could be easily proved by downward induction and repeatedly
applying Lemma A.4.
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